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E-mail address: gerard.zehil@duke.edu (G.-P. ZéhilA three-dimensional boundary element formulation of an incompressible viscoelastic layer of ﬁnite
thickness is proposed, in a moving frame of reference. The formulation is based on two-dimensional Fou-
rier series expansions of relevant mechanical ﬁelds in the continuum of the layer. The linear viscoelastic
material is characterized, in the most general way, by its frequency-domain master curves. The presented
methodology results in a compliance matrix for the layer’s upper boundary, which includes the effects of
steady-state motion and can be used in any contact problem-solving strategy. The proposed formulation
is used, in combination with a contact solver, to build a full three-dimensional model for the steady-state
rolling/sliding resistance incurred by a rigid sphere on the layer. Energy losses include viscoelastic damp-
ing and surface friction. The model is tested and its results are found to be consistent with existing solu-
tions in limiting cases. An example is explored and the corresponding results are used to illustrate the
inﬂuence of different parameters on the rolling resistance. General aspects of previously-described
dependences are conﬁrmed.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
For diverse reasons, rolling resistance remains important to
many engineering applications. From nanotechnologies and molec-
ular dynamics (e.g. Lee et al., 2009) to various scale industrial
applications and transportation purposes (e.g. Hall, 2001; Qiu,
2006; Qiu, 2009), from earthquake hazards mitigation, to energy
harvesting and sustainable development considerations (e.g.
Sharp, 2009), depending on human’s objectives and goals, rolling
resistance may be ﬁercely avoided or eagerly sought and thus re-
quires careful attention.
Rolling resistance has been, and still is, widely addressed in sci-
entiﬁc literature. In 1785 experiments on friction were reported by
Coulomb (1821) and Vince and Shepherd (1785). Further experi-
ments led to signiﬁcant progress during the 1950’s and the early
1960’s towards a better understanding of its complex nature,
involving surface contact phenomena as well as bulk properties
of the interacting materials (Greenwood et al., 1961; Tabor,
1955). Hysteretic friction in the bulk is revealed in many works
on nonstationary viscoelastic contact problems, in various settings
(e.g. Barber et al., 2008; Chertok et al., 2001; Galin and Gladwell,
2008; Golden and Graham, 2001; Morland, 1967; Morland, 1968;
Wang and Knothe, 1993). In particular, rolling friction of hard cyl-
inders was approached in two dimensions using various methodsll rights reserved.
+1 919 660 5219.
).(e.g. Hunter, 1961; Johnson, 1985; May et al., 1959; Morland,
1967; P}oschel et al., 1999) and its dependence upon physical
parameters was modeled based on simplifying assumptions
regarding the description of the foundation layer and/or the nature
of contact interactions. A one-dimensional treatment of a hard
sphere rolling on a viscoelastic half-space modeled using a ‘Win-
kler’ approximation was given by Flom and Bueche (1959). In the
absence of surface friction, a ‘‘ﬁrst-principle’’ (i.e. free of empirical
parameters) continuum-mechanics expression of the rolling resis-
tance coefﬁcient was derived by Brilliantov and P}oschel (1998) for
the rolling motion of a viscoelastic sphere on a hard plane, in quasi-
static conditions, such that the total stress ﬁeld may be considered
as the sum of an elastic part and a dissipative part, and the vertical
displacement ﬁeld may be approximated by the corresponding re-
sult of the static problem.
More recently, numerical difﬁculties associated with enforcing
frictional conditions on ﬁnite element models of hyperelastic tires
rolling in steady state conditions on rigid surfaces, were tackled by
Laursen and Stanciulescu (2006) and Stanciulescu and Laursen
(2006). A full two-dimensional boundary element formulation for
a hard cylinder rolling on a viscoelastic layer of ﬁnite thickness
was introduced by Qiu (2006) while Persson (2010) presented an
approach to calculate the rolling resistance of hard objects on vis-
coelastic solids using a static pressure distribution. Alternative ap-
proaches to estimating the viscoelastic rolling resistance on a
sphere in 3D are presented by Zéhil and Gavin (2012). More com-
prehensive solutions to the problem of rolling resistance in three
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Furthermore, the increasing complexity of numerical models re-
quires investigating possible ways of reducing their computational
costs and hence improving their efﬁciency.
In this paper, we present a three-dimensional boundary ele-
ment formulation of an incompressible linear viscoelastic layer of
ﬁnite thickness, in a moving frame of reference. This formulation
is applied, in combination with a contact solver, to build a full
three-dimensional model for the resistance incurred by a rigid ob-
ject (sphere) rolling/sliding on the layer, including surface friction.
Inspired by the seminal work of Qiu (2006), we expand relevant
mechanical ﬁelds in the continuum of the layer into two-
dimensional Fourier series. The storage and loss moduli character-
izing the constitutive behavior of linear viscoelastic materials, in
the frequency domain, are used to relate the Fourier coefﬁcients.
The proposed formulation results in the assembly of a compliance
matrix C characterizing the behavior of the layer’s upper boundary,
including the effects of steady-state motion. This compliance ma-
trix may be used in any stationary or steady-state rolling/sliding
contact problem-solving strategy. The proposed formulation is
quite general and practical in that it accommodates any linear vis-
coelastic model, including experimental master-curves. In order to
increase its computational efﬁciency, special attention is given to
exploiting conﬁgurational similarities as well as symmetry.2. Deﬁning rolling resistance
Fig. 1 shows a round rigid object (cylinder or sphere of center C
and radius R) rolling in steady-state conditions, on a viscoelastic
layer of ﬁnite thickness H. The object moves in direction x at a con-
stant linear velocity Vs while rotating about its axis at a rotational
speed X. It is subjected to a vertical load P (positive downwards), a
driving horizontal force Q (positive in the direction of increasing x)
and a driving torque T (positive clockwise). The indentation d cor-
responds to the maximum penetration of the rolling object below
the surface of the unloaded layer.
Because the contact surface takes the form of the rigid object,
tangential shear stresses are circumferential and normal stresses
are radial, with respect to a polar coordinate system centered at
point C. However, contact stresses can be re-expressed in the
Cartesian coordinate system Oxyz as well.
For the purposes of this work, rolling resistance is deﬁned as a
conceptual horizontal resisting force Rr , expressed as a positive
quantity. If it were to be applied at the axis of the moving object,
the rolling resistance would dissipate energy at a rate that is equiv-
alent to the power dissipation actually incurred by the system.
Rolling resistance Rr is related to Q and T byFig. 1. General model and coordinate systems.Rr ¼ Q þ TXVs : ð1Þ
In Eq. (1), Rr is the rolling resistance corresponding to the total dis-
sipated power. It is considered here that, in the absence of surface
friction, rolling resistance is entirely due to viscous dissipations in
the bulk. In such cases, the value of a driving torque is indetermi-
nate, as it can not be equilibrated, and rolling resistance is equal
to the sum of the horizontal projection of the radial contact forces.
Because of the asymmetry of these forces, the rolling resistance is
non-zero.
In the presence of friction, the interfacial shear stresses are not
zero and a driving torque T can be balanced by either taking the
moment of the tangential contact forces about the roller axis, or
taking moments of the vertical and horizontal components of the
contact forces about the same axis. Surface frictions inﬂuence roll-
ing resistance in two ways: (i) directly, by means of their resisting
work localized in the slipping regions of the contact surface, and
(ii) indirectly, as demonstrated by Munisamy et al. (1991), by mod-
ifying the (frictionless) contact pressure distribution, which further
impacts the global energy balance. The contribution of slipping
friction to rolling resistance may be evaluated as follows
RFr ¼
1
Vs
Z
Ac
wt:stdA; ð2Þ
where Ac stands for the contact area, wt is the local tangent differ-
ential speed between the sphere and the foundation layer and st
corresponds to the tangent stress ﬁeld across the contact interface.
In the presence of friction, the rolling resistance attributed to the
viscoelastic behavior of the layer, is obtained by subtraction
RVr ¼ Rr  RFr : ð3Þ
A common case is when the horizontal driving force Q is applied at
the top of the moving object, thus generating a dependent torque
T ¼ QR. Substituting into expression (1) yields
Rr ¼ Q 1þ RXVs
 
: ð4Þ3. Governing equations
Following the development of Qiu (2006), the viscoelastic layer
of thickness H is assumed to be incompressible, sustains small
deformations and behaves linearly. As shown in Fig. 1, Oxyz corre-
sponds to a moving coordinate system traveling with the sphere,
while O0x0y0z0 remains at rest. Both coordinate systems are related
according to
x ¼ x0  Vst; y ¼ y0; and z ¼ z0: ð5Þ
Also, in the traveling coordinate system, material derivatives are ex-
pressed such that time becomes an implicit variable
D
Dt
¼ Vs @
@x
;
D2
Dt2
¼ V2s
@2
@x2
: ð6Þ
The equilibrium equations for the elastomer in O0x0y0z0 are given, in
tensorial form, by
q
D2u
Dt2
¼ div0ðsÞ  grad0ðpÞ; ð7Þ
where u ¼< u;v ;w>T is the displacement ﬁeld, q stands for
the material’s density, p is the pressure and s denotes the stress
deviator. Eq. (7) may be expressed in Oxyz using (6) and hence
becomes
qV2s
@2u
@x2
¼ divðsÞ  gradðpÞ: ð8Þ
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rial may be described using the following general integral equations
(e.g. Flügge, 1975; Lakes, 2009)
sðtÞ ¼ 2
Z t
1
Gðt  sÞdðsÞ
ds
ds; ð9Þ
where GðtÞ is the shear relaxation modulus of an isotropic elastomer
and  corresponds to the small-stain tensor. Due to incompressibil-
ity, traceðÞ ¼ 0.
4. Boundary Conditions
It is assumed that the foundation strip is fully adherent to its ri-
gid subbase, which implies boundary conditions on the displace-
ments at z ¼ 0
uðx; y; z ¼ 0Þ ¼ 0; 8ðx; yÞ: ð10Þ
Upper boundary conditions for the elastomer are determined by the
contact problem occurring at the interface between the moving ob-
ject and the foundation. The normal contact boundary conditions
are expressed as
H þwðx; y; z ¼ HÞ < gðx; yÞ if rz ¼ 0; ð11Þ
H þwðx; y; z ¼ HÞ ¼ gðx; yÞ if rz < 0; ð12Þ
where, designating by zc the coordinate of point C on the z-axis (see
Fig. 1), gðx; yÞ corresponds to an analytical expression for the lower
surface of the moving object, i.e. for a sphere
gðx; yÞ ¼ zc 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  x2  y2
q
: ð13Þ
In small deformations, using Eq. (6), the horizontal components of
the differential speed in directions x and y are given by
wtx ¼ Vs 1þ @u
@x
 
 RðyÞX; where RðyÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  y2
q
; ð14Þ
wty ¼ Vs
@v
@x
 
: ð15Þ
The tangential contact boundary conditions involve the coefﬁcient
of sliding friction l for the interface, as well as the components
wtx and wty of the differential speed, across the contact area
s2xzðHÞ þ s2yzðHÞ < l2r2z ðHÞ if w2tx þw2ty ¼ 0; ð16Þ
s2xzðHÞ þ s2yzðHÞ ¼ l2r2z ðHÞ otherwise: ð17Þ
Inequality (16) applies in stick-contact conditions (i.e. in the case of
an absence of relative movement between touching points) while
equality (17) prevails at contact points where slipping occurs. In
the latter case, following Coulomb’s law of friction, the orientation
of the limiting tangential contact stress must be consistent with
the direction of relative movement. This additional slip-contact
condition may be expressed by the constraint
sxzwty  syzwtx ¼ 0: ð18Þ
Because the present three-dimensional case is treated using
two-variable Fourier series, the following periodic boundary condi-
tions are introduced, in both horizontal directions x and y for all
the physical quantities w involved in the problem
wðx; y; zÞ ¼ wðxþ Lx; y; zÞ; 8 ðx; yÞ ð19Þ
wðx; y; zÞ ¼ wðx; yþ Ly; zÞ; 8 ðx; yÞ: ð20Þ
Geometrically non-periodic conﬁgurations may be handled as well
by prescribing values of the spatial periods Lx and Ly that are much
larger than the dimensions of the contact surface.5. Two-variable Fourier series
The steady state solution may be expressed using complex
exponential Fourier series in the two variables x and y. Letting
f ðx; y; zÞ be a generic physical quantity of the problem with
f 2 {u;v ;w; x; y; z; cxy; cxz; cyz; p; sx; sy; sz; sxy; sxz; syz;rz}, its com-
plex Fourier series expansion is written as
f ðx; y; zÞ ¼
Xþ1
m;n¼1
fmnðzÞei2pmLx xei
2pn
Ly
y
; ð21Þ
where corresponding Fourier coefﬁcients are deﬁned by
fmnðzÞ ¼ 1LxLy
Z Ly
y¼0
Z Lx
x¼0
f ðx; y; zÞei2pmLx xei2pnLy ydxdy: ð22Þ
Since f ðx; yÞ is real, fm;n ¼ fm;n and fm;n ¼ f m;n, which reduces
computational costs.
6. General solutions to Fourier coefﬁcients
Substituting material coordinates for moving reference coordi-
nates (i.e. x ¼ x0  Vst; y ¼ y0 and z ¼ z0) in expression (21) we
may write
f ðx0; y0; z0; tÞ ¼
Xþ1
m;n¼1
cmn x0; y0; z0ð Þei2pmLx Vst ð23Þ
cmnðx0; y0; z0Þ ¼ fmn z0ð Þei2pmLx x0ei
2pn
Ly
y0 ð24Þ
and thus interpret that the material particles of the foundation
ðx0; y0; z0Þ are subjected to an inﬁnite sum of harmonic excitations
to which, using the principle of superposition, the fundamental the-
ory of viscoelasticity applies separately. Angular frequencies of indi-
vidual harmonic movements are given by
xm ¼ 2pmLx Vs: ð25Þ
Identifying the generic quantity f ðx0; y0; z0; tÞwith each component of
stress ðsÞ and strain ðÞ deviators, then applying the fundamental
theory of viscoelasticity to each harmonic, while using the orthog-
onality property of complex exponentials, leads to the following
relation between Fourier coefﬁcient tensors
smnðzÞ ¼ 2GmmnðzÞ; ð26Þ
where Gm ¼ G0ðxmÞ þ iG00ðxmÞ is the dynamic shear modulus, G0ðxmÞ
and G00ðxmÞ corresponding to the storage and loss moduli, respec-
tively. The following shorthand parameterswill be used in the sequel
mx ¼ 2pm=Lx; my ¼ 2pn=Ly;
bx ¼ ð4m2x þ m2yÞGm  qV2s m2x ;
by ¼ ðm2x þ 4m2yÞGm  qV2s m2x ;
bxy ¼ 3mxmyGm:
ð27Þ
Small strain complex Fourier coefﬁcients are related to their defor-
mation counterparts differentiating (21)
x;mnðzÞ ¼ imxumnðzÞ; ð28Þ
y;mnðzÞ ¼ imyvmnðzÞ; ð29Þ
z;mnðzÞ ¼ _wmnðzÞ; ð30Þ
cxy;mnðzÞ ¼ imxvmnðzÞ þ imyumnðzÞ; ð31Þ
cxz;mnðzÞ ¼ imxwmnðzÞ þ _umnðzÞ; ð32Þ
cyz;mnðzÞ ¼ imywmnðzÞ þ _vmnðzÞ; ð33Þ
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rium equations are transformed into linear ordinary differential
equations relating stresses to displacements, in terms of their
respective Fourier coefﬁcients, by plugging the generic Fourier
expansion (21) into expression (8) and further using the orthogo-
nality property of complex exponentials
qV2s m2xumn ¼ imxsx;mn þ imysxy;mn þ _sxz;mn  imxpmn; ð34Þ
qV2s m2xvmn ¼ imxsxy;mn þ imysy;mn þ _syz;mn  imypmn; ð35Þ
qV2s m2xwmn ¼ imxsxz;mn þ imysyz;mn þ _sz;mn  _pmn: ð36Þ
Additional ODE’s are obtained by substituting (28)–(33) into (26) in
order to eliminate the strains
sx;mn ¼ 2imxGmumn; ð37Þ
sy;mn ¼ 2imyGmvmn; ð38Þ
sz;mn ¼ 2Gm _wmn; ð39Þ
sxy;mn ¼ iGmðmyumn þ mxvmnÞ; ð40Þ
sxz;mn ¼ Gmð _umn þ imxwmnÞ; ð41Þ
syz;mn ¼ Gmð _vmn þ imywmnÞ: ð42Þ
A reduced number of six state variables is retained. The chosen state
variables are ordered and stored in a complex-valued state vector
qmnðzÞ, as follows
qmn ¼ wmn;umn;vmn;rz;mn; sxz;mn; syz;mn
 T
: ð43Þ
Eqs. (34)–(42) are rearranged such that only the chosen state vari-
ables remain. The following system of linear ODE’s is ﬁnally
obtained
_qmn ¼ Amnqmn ð44Þ
where the complex valued matrix Amn is given by
Amn ¼
0 imx imy 0 0 0
imx 0 0 0 G
1
m 0
imy 0 0 0 0 G
1
m
qV2s m2x 0 0 0 imx imy
0 bx bxy imx 0 0
0 bxy by imy 0 0
2
66666666664
3
77777777775
: ð45Þ
The general solution to system (44) has the following form
qmnðzÞ ¼ TmnðzÞqmnð0Þ for ð0 6 z 6 HÞ; ð46Þ
where TmnðzÞ ¼ expðAmnzÞ is the complex matrix exponential of
Amnz, which may be readily computed using mathematical software
handling complex numbers. Alternatively, the following real valued
system of double size may be solved
Reð _qmnÞ
Imð _qmnÞ
 
¼ ReðAmnÞ ImðAmnÞ
ImðAmnÞ ReðAmnÞ
 
ReðqmnÞ
ImðqmnÞ
 
; ð47Þ
where ReðÞ and ImðÞ correspond, respectively, to the real and imag-
inary parts of a given quantity.
Displacement boundary conditions (i.e. umnð0Þ;vmnð0Þ;wmnð0Þ)
are known at the bottom of the foundation strip while the bound-
ary conditions on stresses (i.e. rz;mnðHÞ; sxz;mnðHÞ; syz;mnðHÞ) result
from the surface tractions applied on the contact surface. This
two-point boundary value problem is solved by dividing the vector
of unknowns qmn into two subvectors:qmnðzÞ ¼ dTmnðzÞ; fTmnðzÞ
D ET
; ð48Þ
where dmnðzÞ ¼ wmnðzÞ;umnðzÞ; vmnðzÞh iT and fmnðzÞ ¼ rz;mnðzÞ;

sxz;mnðzÞ; syz;mnðzÞiT , and writing solution (46) in the form
dmnðzÞ
fmnðzÞ
 
¼ Tmn;11ðzÞ Tmn;12ðzÞ
Tmn;21ðzÞ Tmn;22ðzÞ
 
 dmnð0Þ
fmnð0Þ
 
: ð49Þ
Since dmnð0Þ ¼ 0, rearranging expression (49) results in Eq. (50)
relating the Fourier coefﬁcients of displacements and stresses at
z ¼ H
dmnðHÞ ¼ Tmn;12ðHÞT1mn;22ðHÞfmnðHÞ; ð50Þ
which opens the way to developing a boundary element formula-
tion reﬂecting the foundation’s behavior.
7. Boundary element formulation
Let Kx and Ky be the number of nodes discretizing the candidate
contact surface, in directions x and y respectively, as illustrated in
Fig. (2). The total number of nodes is hence NT ¼ KxKy. The bound-
ary element compliance matrix C is deﬁned by the constitutive
equation
CWW CWU CWV
CUW CUU CUV
CVW CVU CVV
2
64
3
75
FW
FU
FV
2
64
3
75 ¼
W
U
V
2
64
3
75; ð51Þ
where F ¼ FTW ;FTU ;FTV
D ET
and D ¼ WT ;UT ;VT
D ET
correspond to the
nodal displacement vector and the nodal force vector respectively,
each subvector containing nodal components in a given direction.
Nodal forces, applied at a given node N, are further associated with
the corresponding surface traction using formulas that are similar
to the one given below in the normal direction
rNz ðx; y;HÞ ¼
FNW
axay
; if
xN  ax2 6 x 6 xN þ ax2
yN  ay2 6 y 6 yN þ ay2
(
0; otherwise:
8><
>: ð52Þ8. Building the compliance matrix
Entry CPQ ðM;NÞ of the compliance matrix C matches with the
displacement in the direction corresponding to index
‘‘P 2 fU;V ;Wg’’, at node M, when a unit force is applied at node
N, in the direction corresponding to index ‘‘Q 2 fU;V ;Wg’’. Hence
in theory, the entries of matrix Cmay be obtained by applying unit
forces, separately in each direction x; y and z and at each node,
while determining the corresponding nodal displacements over
the entire grid.Fig. 2. Discretization of the candidate contact surface.
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creases quadratically with the number of discretization nodes
and the truncation order. However, the cost can be reduced: in
practice, provided that the spacings ax and ay between the nodes
are uniform, in each of directions x and y, one may take advantage
of conﬁgurational similarities such that less than six well-chosen
columns of C need to be formed explicitly, by adding Fourier terms.
Furthermore, depending on each problem’s particular assump-
tions, mainly assumptions pertaining to friction along with the
types of results that are speciﬁcally needed, building the entire
compliance matrix may not be necessary. For instance, in applica-
tions where friction may be neglected one can set FU ¼ FV ¼ 0.
Hence, provided that the horizontal displacements are not explic-
itly sought, only 1=9th of the compliance matrix needs to be formed
as (51) reduces to
CWWFW ¼W: ð53Þ
Further details are given below on building relevant parts of the
compliance matrix in a frictionless setting where only vertical unit
forces need to be applied to appropriate nodes. Other parts of the
compliance matrix may be obtained by following a very similar ap-
proach in the horizontal directions.
Letting i (from 1 to Kx) and j (from 1 to Ky) be the nodal indexes
in directions of increasing x and y respectively, as shown in Fig. (2),
a global node numbering may be obtained through the expression
N ¼ ðj 1ÞKx þ i. With this numbering convention, unit vertical
forces need only be applied to nodes number 1 and Kx. Indeed, if
node couples ðM1;N1Þ and ðM2;N2Þ have the same relative position,
i.e. ðxM2  xN2 Þ ¼ ðxM1  xN1 Þ and ðyM2  yN2 Þ ¼ ðyM1  yN1 Þ, the vertical
displacement of M1 due to a vertical point load applied at N1 will
be the same as the displacement of M2 when the load is applied
at N2. Note however that, due to motion along the x-axis, Oy is
not an axis of symmetry. Hence, all other entries in matrices
CWW ;CUW and CVW can be deduced from columns 1 and Kx and
therefore need not be formed by explicitly computing and adding
Fourier terms. Similar considerations also apply to other submatri-
ces of C in the case of frictional contact in 3D.
Implementing such conﬁgurational similarities in practice,
drastically reduces the computational cost of building 3D compli-
ance matrices as well as their storage space: both are divided by
NT=2. For instance, in the frictional example given in Section 11,
the candidate contact surface is discretized using NT ¼ 41
41 ¼ 1681 nodes, in which case, the computational cost of forming
compliance matrices is roughly divided by 840. It takes for instance
approximately 18 min (instead of days) using an Intel Core™ i7
M620 CPU with 4 MB of cache memory and a clock speed of
2.66 GHz to compute a full 3D compliance matrix including
Ntx ¼ Nty ¼ 500 Fourier terms. Applying the same reasoning in
two dimensions based on NT ¼ 80 nodes, the method presented
by Qiu (2006) is rendered roughly 40 times more efﬁcient.
By means of expression (52), a unit vertical force applied at a
candidate contact node N is associated with the following normal
traction
rNz ðx; y;HÞ ¼
1
axay
; if
xN  ax2 6 x 6 xN þ ax2
yN  ay2 6 y 6 yN þ ay2
(
0; otherwise:
8><
>: ð54Þ
The corresponding complex Fourier coefﬁcients are obtained for rel-
evant combination cases of m and n, using expression (22) in the
following form
rz;mnðzÞ ¼ 1LxLy
Z Ly
y¼0
Z Lx
x¼0
rzðx; y; zÞei2pmLx xei
2pn
Ly
ydxdy; ð55Þ
with the result given byrNz;mnðHÞ ¼
sinðpmaxLx Þ
pmax
sinðpnayLy Þ
pnay
e
i2p mLxx
Nþ nLyy
N
	 

ð56Þ
for m– 0 and n– 0. The remaining cases are
rNz;0nðHÞ ¼
ei
2pn
Ly
yN
pnLxay
sin
pnay
Ly
 
for m ¼ 0 and n – 0; ð57Þ
rNz;m0ðHÞ ¼
ei
2pm
Lx
xN
pmLyax
sin
pmax
Lx
 
for m – 0 and n ¼ 0; ð58Þ
rNz;00ðHÞ ¼
1
LxLy
for m ¼ 0 and n ¼ 0: ð59Þ
It is now possible to determine Fourier coefﬁcients for the dis-
placements using expression (50). We hence write
fmnðHÞ¼ rNz;mnðHÞ;0;0
D ET
; ð60Þ
dNmnðHÞ¼ wNmnðHÞ;uNmnðzÞ;vNmnðzÞ
 T ¼Tmn;12ðHÞT1mn;22ðHÞfNmnðHÞ: ð61Þ
Corresponding Fourier terms are ﬁnally assembled into the entries
of the relevant compliance submatrix. In this case
CWWðM;NÞ ¼
Xþ1
m;n¼1
wNmnðHÞei
2pm
Lx
xM ei
2pn
Ly
yM
: ð62Þ9. Solving the rolling contact problem
At this point both physical entities have been modeled, i.e. de-
scribed in mathematical terms. The behavior of the viscoelastic
layer, in the moving frame of reference, is comprehensively de-
picted by the boundary element formulation given by Eq. (51)
while the hard rolling object is fully described by its lower geomet-
rical proﬁle (13).
Solving the rolling contact problem mainly involves the imple-
mentation of normal and tangential contact boundary conditions
as given by sets of Eqs. 11,12 and (16)–(18), respectively. As per-
formed by Qiu (2006) in a two-dimensional context, while imple-
menting the tangential boundary conditions, speciﬁc constraints
are imposed on the stick-contact nodes such that the absence of
relative motion is satisﬁed in regions of sticky contact. Because
Vs and X are global constants, it can be derived from (14) and
(15) that @u
@x ðx; y;HÞ and vðx; y;HÞ remain both constant across
stick-contact zones, in each plane of constant y. Continuity of these
ﬁelds, in direction x, is imposed across leading edge stick-contact
nodes.
Nonlinear constraints resulting from contact problems are usu-
ally difﬁcult to model. They may be enforced using FEM schemes as
detailed, for instance, in Oden and Lin (1986) or Zienkiewicz and
Taylor (2005). Alternatively, Zéhil and Gavin (submitted for publi-
cation) describe a relatively simple solving strategy for frictional
rolling contact problems in two and three dimensions. The latter
is used in its 3D version for the purposes of this work in order to
determine the problem unknowns: (i) the vertical forces acting
on all contact nodes, (ii) the horizontal forces acting on stick-con-
tact nodes, (iii) the vertical displacements of the free nodes, (iv) the
horizontal displacements of all the nodes, (v) the indentation d and
(vi) the rotational speed X. Rolling resistance (1) may ﬁnally be
computed according to the following expression
Rr ¼
X
FU þ TXVs : ð63Þ
In the example of Section 11, rolling resistance results with and
without surface friction are compared. The results without friction
were obtained using a reduced version of the contact solver, based
on Eq. (53) derived by setting FU ¼ FV ¼ 0 (see Section 8), and on
vertical equilibrium. In such cases, the rotational quantities T and
Fig. 3. Relative difference between model and asymptotic pressure ﬁelds for H ¼ 5 mm.
Fig. 4. Relative difference between model and asymptotic pressure ﬁelds for H ¼ 0:1 mm.
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where x is the nodal vector of x-coordinates.
10. Veriﬁcation examples
In the present section, the three-dimensional model is tested in
elastic and stationary conditions. The results are compared with
those given by Jaffar (2008) and Jaffar (1997) for thick and thin
foundation layers respectively.
10.1. Thick foundation
The stationary contact of a rigid sphere with an elastic layer of
ﬁnite thickness H was examined by Jaffar (2008) in frictionless
conditions. It was found that, for a relatively thick foundation strip
in comparison with the contact radius rc (i.e. c ¼ r=rc 6 0:9) the
contact pressure distribution followed the form given by Hertz, i.e.
rzðrÞ ¼ 3P2pr2c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
rc
 2s
ð64Þ
while the contact radius was given by the following expression
rc ¼ PRDð1 mÞ8pG
 1
3
; ð65Þ
where G and m are the shear modulus and Poisson’s ratio respec-
tively and D is deﬁned as follows
D ¼ 3pþ 8c3 b1 þ 25 b2c
2
 
; ð66Þ
with coefﬁcients bm expressed (for m ¼ 1;2) as
bm ¼ 14
 m Z 1
0
1 LðxÞð Þx2mdx: ð67Þ
For a foundation bonded to its substrate LðwÞ is given by
LðxÞ ¼ 2j sinhð2xÞ  4x
2j coshð2xÞ þ 4x2 þ j2 þ 1 ; with j ¼ 3 4m: ð68Þ
In order to simulate conditions by which the above estimates
apply, we consider the case of a rigid sphere of radius R ¼ 2 cm
in stationary (Vs ¼ 0 m/s) and frictionless (l ¼ 0) contact with an
elastic layer (G0ðxÞ ¼ G0 ¼ 3:0 MPa; G00ðxÞ ¼ 0 MPa) of thickness
H ¼ 5 mm. A vertical load of P ¼ 100 N is applied to the sphere.
The periodic lengths are set to Lx ¼ Ly ¼ 20 cm and the nodal spac-
ings are taken equal to ax ¼ ay ¼ 0:25 mm. The truncation orders
are set to Ntx ¼ Nty ¼ 2000.
The contact radius resulting from the 3D model is of
4:5 0:125 mm, which is compatible with the one given by solv-
ing (65) and (66) i.e. 4:56 mm. Fig. 3 shows a contour plot of the
difference between pressure ﬁelds, which does not exceed  5%
of the maximum pressure at the center rmax. Given the current pre-
cision settings on the 3D model and the fact that (66) corresponds
to a truncated quantity, the comparison is quite satisfactory. Note
that minor irregularities in the vicinity of the outer contour arise
from the fact that the rectangular grid cannot perfectly match
the circular shape of the contact area while both pressure proﬁles
are rapidly changing: referring to Eq. (64), it can be shown that
drzðrÞ=drj j ! 1 as r ! rc .
10.2. Thin foundation
Jaffar (1997) provides an asymptotic solution to the stationary
contact problem of a rigid sphere with a thin elastic and incom-
pressible foundation at the distinguished limit  ¼ rc=H ! 0. In this
case, the contact pressure takes the following formrzðrÞ ¼ 3Ppr2c
1 r
rc
 2 !2
; ð69Þ
while the contact radius rc may be expressed as
rc ¼ 48PRH
3
pGð1þ mÞ
" #1
6
: ð70Þ
Taking the same parameters as in 10.1, the foundation’s thick-
ness is reduced to H ¼ 0:1 mm and the sphere’s radius increased
to R ¼ 80 m so that a relatively large contact radius can be ob-
tained. A vertical load of P ¼ 10 N is applied to the sphere.
The contact radius resulting from the 3D model is of
3:75 0:125 mm, which is compatible with the solution given
by (70) i.e. 3:7 mm. The contour plot in Fig. 4 shows that the differ-
ence between pressure ﬁelds remains below  5% of rmax. The
comparison is satisfactory given the ﬁnite precision of the 3D mod-
el and the fact that (69) corresponds to an asymptotic solution.
11. Example of rolling with friction
11.1. Default parameters
Referring to Eq. (4) in Section 2, let us consider a rigid sphere of
radius R ¼ 2 cm driven by a horizontal force Q applied at the top. A
Table 1
Effects of nodal spacing and truncation order on convergence.
a (mm) Truncation order Nt (Number of terms)
500 1000 1500 2000 2500 3000
1.00 3.1129 3.1131 3.1135 3.1133 3.1135 3.1135
0.50 3.0138 3.0130 3.0130 3.0130 3.0130 3.0131
0.30 3.0212 3.0208 3.0206 3.0207 3.0206 3.0207
0.25 3.0259 3.0255 3.0257 3.0257 3.0257 3.0257
0.20 3.0252 3.0251 3.0255 3.0256 3.0255 3.0254
0.15 N/A 3.0258 3.0257 3.0257 3.0257 3.0257
Fig. 6. General results of the 3D model: vertical stress ﬁeld rzðx; y;HÞ.
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sphere is rolling with friction (l ¼ 0:2), in steady state, at a linear
speed Vs ¼ 0:05 m/s on a viscoelastic layer of thickness H ¼ 5 mm
and density q ¼ 1000 kg/m3.
For illustrative purposes the foundation’s material is modeled
by a three-parameter viscoelastic solid (see Fig. 5) whose master
curves are given by
G0ðxÞ ¼ G0ð1þ f Þ ð1þ f Þ þx
2s2
ð1þ f Þ2 þx2s2
G00ðxÞ ¼ G0ð1þ f Þ fxsð1þ f Þ2 þx2s2
ð71Þ
where Go ¼ G0ð0Þ ¼ ðG1G2Þ=ðG1 þ G2Þ ¼ 3:0 MPa is the static shear
modulus, s ¼ g=G2 ¼ 0:25 s is the creep time and f ¼ G1=G2 ¼ 1.
The spatial periods are set to Lx ¼ Ly ¼ 20 cm which, up to a
speed of about 50 cm/s, is large enough to allow for sufﬁcient
(i.e. more than 80%) creep recovery of the foundation layer be-
tween two successive sphere arrivals. Based on the convergence
results of Table 1, nodal spacings are set equal to
ax ¼ ay ¼ 0:25 mm and truncation orders of Ntx ¼ Nty ¼ 2000 are
retained for the main calculations. Figures that require building
multiple compliance matrices are drawn using Ntx ¼ Nty ¼ 500,
which is sufﬁcient for plotting purposes.
In following subsections, two cases are compared: (i) a frictional
case corresponding to the rolling speed Vs, the vertical load P and
the driving torque T ¼ QR, and (ii) a frictionless case characterized
by the same rolling speed Vs and vertical load P. For illustration pur-
poses, some of the parameters introduced in this subsection will be
changed in the followingones, dependingon the topic requirements.
11.2. General results
Fig. 6 shows a contour plot of the vertical stress ﬁeld
rzðx; y; z ¼ HÞ over the contact area. The observed dissymmetry is
mainly due to the viscoelastic behavior of the foundation layer
and is responsible for the viscoelastic rolling resistance.
The rolling resistance is computed according to Eqs. (2)–(4)
which in this case yield a total rolling resistance of Rr ¼ 3:07 N,
from which less than 0:05 N originate from slipping friction.
11.3. Convergence table
In order to verify convergence, the rolling resistance was evalu-
ated in frictionless conditions using the same nodal spacing in both
directions (i.e. a ¼ ax ¼ ay) varying from 0:15 to 1 mm and the
same truncation order in both spatial frequencies (i.e.
Nt ¼ Ntx ¼ Nty ) ranging from 500 to 3000 terms. The resulting val-
ues are reproduced in Table 1 and fall within 3:4% of each other. It
may furthermore be noted that, when the node spacing is less than
or equal to 0:30 mm, the results are well within 0:2%, which is
suitable for most engineering applications.
11.4. Inﬂuence of the vertical load
Variations of the rolling resistance with respect to the vertical
load, for H ¼ 5 mm and H ¼ 30 mm, are plotted on Figs. 7(a) andFig. 5. Three-parameter viscoelastic solid.(b) respectively. Both cases, with and without friction, are consid-
ered. The resulting curves are concave upwards and are very sim-
ilar in shape to the example given by Qiu (2006) corresponding to a
two-dimensional model of a rigid cylinder rolling on a viscoelastic
foundation.
The rolling resistance increases monotonically with the applied
load. Curves from Fig. 7 may be closely ﬁtted using a power law of
the form Rr ¼ apPbp . In the cases including friction, the 95% conﬁ-
dence intervals on coefﬁcients ap and bp are given in Table 2.11.5. Inﬂuence of the foundation’s thickness
Variations of the rolling resistance with respect to the founda-
tion’s thickness, for P ¼ 50 N and P ¼ 125 N are plotted on
Figs. 8(a) and (b) respectively. Both cases, with and without fric-
tion, are also considered. As expected, the resulting curves are con-
cave downwards and converge asymptotically towards a limiting
case corresponding to a viscoelastic ‘‘half-space’’, at the given
speed.
The rolling resistance is a monotonically increasing function of
the layer thickness. Curves from Fig. 8 may be closely ﬁtted using
an exponential law of the form Rr ¼ aeexpbeP þ ceexpdeP . In the case
including friction, the 95% conﬁdence intervals on coefﬁcients
ae; be; ce and de are given in Table 3.11.6. Inﬂuence of friction
In Section 11.2 we mentioned that the rolling resistance due to
friction was small in comparison with the one resulting from visco-
elasticity. Two curves for RrðPÞ, with and without friction, were
compared on each of Figs. 7(a) and (b) for H ¼ 5 mm and
H ¼ 30 mm respectively. The inﬂuence of friction was also
Fig. 7. Inﬂuence of the vertical load on the rolling resistance.
Table 2
Power ﬁtting coefﬁcients for RrðPÞ – 95% conﬁdence intervals.
H ¼ 5 mm (r2 ¼ 0:9999) H ¼ 30 mm (r2 ¼ 1)a
Lower bound Upper bound Lower bound Upper bound
ap 2:701 103 3:056 103 2:554 103 2:701 103
bp 1.381 1.407 1.510 1.521
a r2 is the square of the multiple correlation coefﬁcient.
Fig. 8. Inﬂuence of the foundation’s thickness on the rolling resistance.
Table 3
Exponential ﬁtting coefﬁcients for RrðHÞ;95% conﬁdence intervals.
P ¼ 50 N (r2 ¼ 0:9999) P ¼ 125 N (r2 ¼ 1)
Lower bound Upper bound Lower bound Upper bound
a 0.9306 0.9403 3.738 3.768
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and (b), for P ¼ 50 N and P ¼ 125 N respectively.1 It may be noted
that, for values of P up to 150 N (corresponding to a mean vertical
pressure of 2:56 MPa), the contribution of friction remains below
1:55%, which suggests that it may be neglected for many engineer-
ing applications.
Friction losses vary with the different parameters but remain
relatively small. For instance, the dependence upon the founda-
tion’s thickness of their percentage contribution to rolling resis-
tance, is illustrated in Figs. 9(a) and (b) for P ¼ 50 N and
P ¼ 125 N respectively. Data points present minor discontinuities
due to the spatial discretization of slipping, which is a continuous
process across the contact area. Indeed, in the model, changes in
contact nature can only occur over surface elements of area
ax  ay. Considering the limited inﬂuence of friction on the rolling
resistance, ﬁtting the available data points was deemed more cost1 P ¼ 50 and 125 N correspond to mean vertical pressures of 1:64 and 2:35 MPa
respectively.efﬁcient than reﬁning the mesh. In both cases of vertical loading, it
can be seen that the contribution of friction to the total rolling
resistance reaches a maximum for layer thickness between 6 and
8 mm.
11.7. Inﬂuence of speed
The dependence of rolling resistance upon linear speed is per-
haps the most important in that it more directly reﬂects the timee
be 1.555 1.954 1.706 2
ce 0.8799 0.8555 3.704 3.662
de 233 223.2 198.6 193.8
Fig. 9. Percentage contribution of friction to the rolling resistance.
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approximations, its main features were commendably approached
for instance by May et al. (1959) and P}oschel et al. (1999) in the
case of a hard cylinder and more recently by Persson (2010) for
both rigid cylinders and spheres on a viscoelastic foundation. Plots
of RrðVsÞ are shown in Figs. 10(a)-(b), for different values of the ver-
tical load (10 6 P 6 150 N) and two layer thicknesses (H ¼ 1,and
30 mm).
Referring to the three-parameter model drawn in Fig. 5, visco-
elastic energy dissipation only occurs in the dashpot. Besides, the
material’s internal clocks are deﬁned by its creep time s and its
relaxation time sr ¼ s=ð1þ f Þ which, in the case of our example,
are of the same order of magnitude and therefore constitute a sin-
gle time scale. According to this time scale, when the sphere is
moving slowly (stationary limit), the dashpot ﬂows and the layer
behaves like an elastic spring of stiffness Go. Conversely, when
the sphere rolls rapidly, the dashpot locks and the foundation be-
haves also elastically, with stiffness E1. Hence at low and high
speeds, viscoelastic energy losses are expected to be small. The
dashpot dissipates more energy at intermediate motion velocities,
yielding a maximum rolling resistance depending on the problem’s
parameters, in particular the foundation’s relaxation spectrum.12. Conclusions
A three-dimensional boundary element formulation of an
incompressible, linear viscoelastic layer of ﬁnite thickness wasFig. 10. Inﬂuence of speed oproposed, in a frame of reference moving at constant speed. The
constitutive behavior of the layer’s material is characterized, in
the frequency domain, using general master-curves, which allows
any linear viscoelastic model, including fully experimental results.
The presented developments resulted in the formation of a compli-
ance matrix characterizing the mechanical behavior of the layer’s
upper boundary and including the effects of steady-state motion.
Such representation eliminates the need to model the entire layer
and avoids any related artefacts on the lateral boundaries. As op-
posed to certain existing approaches, the proposed formulation
does not rely on the elastic half-space approximation and poses
no limitations regarding how thin the layer can be. The stresses
and strains resulting from the boundary’s interaction with its envi-
ronment are propagated into the layer’s continuum ’exactly’,
according to linear viscoelasticity. The proposed formulation can
be used as a component in various settings, such as problems
involving deformable indenters, multilayered contact or bifurca-
tion and standing-wave phenomena. Taking advantage of conﬁgu-
rational similarities and symmetry, the full computational cost and
storage space of compliance matrices were divided by NT=2. Fur-
thermore, it is noteworthy that, for a given rolling/sliding speed,
the compliance matrix of a viscoelastic layer needs to be built once
and can be stored for multiple use. For instance, varying parame-
ters such as the intensity of the applied loads, the coefﬁcient of sur-
face friction, the adhesion threshold, the shape or the dimensions
of the indenter does not require re-forming the compliance matrix
of the layer. The proposed formulation is hence suitable for efﬁ-
ciently generating sequences of high ﬁdelity solution results forn the rolling resistance.
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work, it was implemented, in combination with a contact solver,
to build a full three-dimensional model for the resistance incurred
by a rigid sphere rolling or sliding on the layer. Energy losses in-
clude viscoelastic damping and surface friction. Responses from
the model in limiting cases were found to be consistent with exist-
ing solutions. In order to illustrate some of the model’s capabilities,
an example was treated in which the foundation is described by a
three-parameter viscoelastic solid and friction is assumed to follow
Coulomb’s law. Results from the example were used to illustrate
the inﬂuence of vertical loading, foundation thickness, friction
and speed on the rolling resistance. Some general aspects of previ-
ously-described dependences based on two-dimensional models in
plane strain for rolling cylinders or simpliﬁed approaches for
spheres were conﬁrmed. In particular, the contribution of surface
friction to the total rolling resistance was found to be limited. En-
ergy losses increase unboundedly with vertical loading on which
the dependency is ﬁtted well by power laws. Rolling resistance also
increases with foundation thickness but tends asymptotically to-
wards a limiting case corresponding to a viscoelastic ‘‘half-space’’
solution. Alternatively, frictional losses were found to ﬁrst increase
then decrease with foundation thickness. Finally, starting from
rest, viscoelastic dissipation grows with the rate of motion reach-
ing a maximum that depends on the problem’s parameters, then
decays to become negligible at high speed.
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